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Abstract: This paper explores the use of the discontinuous Galerkin time domain method
(DG) for simulating piezoceramics, which is essential in designing ultrasonic transducers.
The DG method allows computational efficiency and provides good adaptability to three-
dimensional structures. The study confirms the method’s stability and accuracy, emphasizing
the importance of proper boundary conditions and computational grids, which set the stage for
future developments.
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Motivation

Physics-based numerical simulations of piezoceramics
are essential for the design of components such as
ultrasonic transducers. In this work, we investigate
the application of the discontinuous Galerkin time
domain method (DG) to solve a system of partial
differential equations describing the mechanical be-
havior. This approach promises various advantages:
The unstructured grid allows for a good description
of any geometry. Due to the possibility to divide the
geometry into several subregions, the calculation can
be carried out efficiently by a parallelization. The
time-domain description will allow for the inclusion of
non-linear properties in the future.

In an inverse design approach, the material param-
eters are determined on the basis of the electrical
impedance of the respective piezoceramic by opti-
mization with our software tool [1]. In order to be
able to consider a freely selectable electrode structure,
a three-dimensional structure without assumption of
any symmetries is regarded in this work.

Here, the openCFS software [2] will be used to
validate the results with respect to linear material de-
pendencies of the electrical and mechanical properties
and the required compute times. In order to compare
the different methods, only a linear behavior on the
electrical and mechanical quantity is considered.

Physical description of piezoceramics

The relationship between the mechanical (stress T
and strain S) and electrical (electric field strain E
and flux density D) components can be described by
using the following linear system of equations in Voigt

notation [3]:
T = cES − etE

D = eS + εSE
. (1)

The elastic stiffness matrix cE, the piezoelectric
constant e and the permittivity matrix εS are required
for the description. In this work the material parameter
for PIC255 manufactured by PI Ceramic are used [4].
For general formulation, each node is given a set of
material parameters.

The plane wave in the piezoceramic can be calcu-
lated and described with [5]
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with the mechanical stress
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(3)
With Eq. (2) and Eq. (3), we obtain a system of

equations that depend only on the mechanical dis-
placement u. With the special feature that terms
consist of either double spatial or double temporal
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Fig. 1: Concept of the DG method with the numerical
fluxes [7] (modified).

derivative terms. For the following numerical descrip-
tion, the sound velocity is introduced as the first time
derivative of the mechanical displacement. This re-
sults in equations with first-order derivatives in space
and time, which is necessary for the DG method.

Model
As an example, a piezoceramic cylinder (r = 5mm,
h = 1mm) with full-surface electrodes is considered.
For the simulations it is assumed that the piezoceramic
can vibrate freely and does not experience any external
forces. Therefore the following boundary condition is
obtained:

N tT = 0, (4)

where N t is the normal matrix of the respective
boundary surface in Voigt notation.

Numerical scheme
This section provides an overview of the discontin-
uous Galerkin time domain method. The two main
foundations are the DG operators and time stepping.

The DG method is related to two well-known meth-
ods: the Finite Element Method (FEM) and Finite
Volume Method (FVM). The main difference is the
range in which the shape functions extend. As in the
FEM method, the computational domain is divided
into triangles or tetrahedra. The shape functions of
the DG method only apply locally in the computa-
tional domain. This allows local matrices to be set up,
which have advantages in terms of individual calcula-
tion steps and parallelization [6]. The discontinuities
between the neighboring volume elements can be
corrected by the exchange of information with the so-
called numerical fluxes f∗. This concept is illustrated
in Fig. 1. The numerical flux is typically a function of
internal and external values of the same coordinates.
Where external describes the neighboring element or
an external boundary condition and internal identi-
fies the element in which the calculation takes place.
Many different approaches for the numerical flux are
presented in the literature [8]. Two fluxes are used in

the following section. The central flux

f∗
C(u) =

f−(u) + f+(u)

2
(5)

can be interpreted mathematically as the mean value,
this calculates the mean value of the two values
present at the respective boundary node. To obtain
a monotone solution, the central flux is extended to
the Lax-Friedrichs flux as follows

f∗
L(u) =

f−(u) + f+(u)

2
+

Cw

2
n (u− − u+) , (6)

where Cw describes the maximum speed of sound of
the material.

To solve the piezoelectric equations, a first-order
system is required in the DG method. To do this, the
Eq. (2) and Eq. (3) are rewritten into the conservation
form. The computational domain Ω is divided into
K non-overlapping tetrahedra, where k indicates the
k-th element.

Ω =

K⋃
i=1

Dk. (7)

Eq. (8) describe the acoustics wave in the piezoce-
ramic, which is approximated using the vectors uk

i ,
which describe the DG approximation in the respective
element k. In each element k, the function u(x, t) is
approximated as uk(x, t) using

uk(x, t) =

Np∑
i=1

uk(xk
i , t)l

k
i (x) ∀k ∈ K (8)

with Lagrange polynomials lki (x) in the k-th node.
In order to be able to apply the operators to every
volume element k in general, a reference element is
defined and an assignment is created. In this reference
element, an unstructured grid with Np

Np =
(N + 1) (N + 2)

N
(9)

nodes is generated, where N indicates the polynomial
order of the basis functions.

In the DG method, the functions are implemented
using operators. The mass matrix M , the stiffness
matrix A and the derivative operators Dx and Dz are
required. The spatial derivatives can be approximated
with the differentiation matrix:

∂

∂x
≈ Dx (10)

In the DG method, the equation for the mechanical
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stress T1 can be described for each node k using
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Here Dk and cE,k represent the respective location-
dependent values for node k. The central flux f∗

C is
used for the mechanical stress. The other components
of the mechanical stress T are described in the same
way. The time derivative of the sound velocity v and
the displacement u is described using
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Here the Lax-Friedrichs flux is used.

Parallelization
To ensure efficient use of the simulation tool, em-
phasis is placed on computing time optimization and
parallelization. The Message Passing Interface (MPI)
library makes it possible to communicate between the
processes and exchange data.

To optimally partition the entire computational
domain into several smaller, non-overlapping sub-
domains, the Parallel Graph Partitioning and Fill-
reducing Matrix Ordering library (ParMetis) is em-
ployed.

By combining these two libraries and the advantages
of the DG method, the computing time can be reduced
and the available computing resources can be fully
exploited.

Time domain integration
The time step for the respective integration method
is decisive for the numerical stability. In this case, the
low storage explicit Runge Kutta (LSERK) [8] of the
fifth order is used. To estimate a time step, the initial
wave velocity vinit, the radius of the inner sphere of

the volume element rD and the distance between two
parallelization elements ∆ri are required [9]

∆t ≤ 2

3
min (∆ri)min

Ω

(
rD

|vinit|

)
. (13)

The interaction between the time step and the flux has
a massive influence on the numerical stability. The sta-
bility can be positively influenced by the choice of the
Lax-Friedrichs flux. Simulations involving higher-order
shape functions typically exhibit greater instability.

Validation
In order to validate the results of the simulations,
Hook’s law is considered here. This represents the
relationship between the mechanical stress T and the
displacement u.

The following distribution of the mechanical stress

T3 = 109·e

(
− (z−5×10−4 m−1)

2

10−8

)

·sin
(
2× 103 m−1 · π · z

)
(14)

is specified as the initial condition of the simulation. It
is to be expected that the imprinted wave propagates
within the model and is reflected at the edges of the
computational domain. Consideration of the boundary
conditions is essential here. The equation can be
incorporated directly on the two cover surfaces. For
the cladding of the piezoceramic, some modifications
must first be made. The following equations

nxT1 + nyT6 + nzT5 = 0

nxT6 + nyT2 + nzT4 = 0

nxT5 + nyT4 + nzT1 = 0

(15)

form the boundary conditions for the mechanical stress
T in 3D. For the implementation, the mechanical
stress is rotated so that the normal vector only has
one nonzero component. The boundary condition is
then imprinted and the mechanical stress is rotated
back to its original state. This method proved to be
robust.

During the tests, it became clear, that besides a
well chosen time step, the underlying computational
grid also has an huge influence on the simulation
results. A high-quality grid in which the elements
have uniform shapes and volumes, is necessary for a
stable simulation.

Results
The work has shown that the advantages of the DG
method can be used for the numerical simulation
of the mechanical behavior. A stable simulation is
possible by selecting a polynomial order and a suitable
computational grid. Additionally, it is shown that
the exact numerical consideration of the boundary
conditions is important for numerical stability.
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Fig. 2: Normalized simulation results in the x-z plane
using the initial condition Eq. (14).

Fig. 2 shows the field of mechanical displacement
in the x-z plane, i.e. a cross-section through the
piezoceramic. The inner area of the blue rectangle
indicates the piezoceramic, the outer area is used to
imprint the boundary conditions. Reflections on the
edges of the piezoceramic can be clearly recognised.
In particular, the superimposition of the reflections on
the cladding and the cover surfaces are well depicted.
This is necessary for future calculations of the reso-
nance frequencies, which is necessary for estimating
the material properties [1].

It has been shown that stability decreases in sim-
ulations with a large number of time steps due to
numerical instabilities. The geometry of the compu-
tational domain was varied in secondary work. In
conclusion, it can be said that with the right choice
of boundary conditions, the software tool can be used
universally.

The work presented here shows the simulation of
wave equation as a basis for the description of the
mechanical waves in a piezoceramic. To summarize,
the extension of the DG code provides a solid basis
for further development in this field.

In future work, the coupling of the electrical quan-
tity such as the electrical potential will be investigated.
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