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This contribution will give a short survey on acoustic waveguides that are used for the measurement of 
liquid properties. As guided acoustic waves range from the mm-scale to the km-scale, they are used in 
lots of scientific disciplines like seismology, geophysics, non-destructive testing, biological and chemical 
analysis or process measurement engineering. One phenomenological way of classifying these wave-
guides will be developed, always considering the special characteristics like in- and out-of-plane displace-
ments of the waveguide’s boundary as well as single mode, multimode or bulk mode operation. Later on,
this article will focus on the modelling, simulation and measurement of multimode wave propagation in 
acoustic waveguides.

Rheologic and acoustic properties of a liquid

The acoustic coupling to a liquid as well as the wave propagation within a medium highly depend on 
physical and rheological properties of the sensor system. Focusing on the bulk properties of a medium,
the one-dimensional rheologic equation of state is a good starting point to gain an insight into the denoted 
interrelationship. If the amplitudes are small and the liquid is a Newtonian fluid, the constitutive equations 
for stress σ and strain ε are
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with the bulk modulus of compressibility K and the shear viscosity 
s

η of the liquid. Therewith, the one-
dimensional equation of motion for particle velocity ε in the time- and frequency-domain is [1]:
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Therein ( ) ( ) ( )S
4 3K jK ω ηω ω+= ⋅ is the complex valued compressive modulus. Its real part ( )RK ω

corresponds to the storage modulus, whereas the imaginary part ( ) ( )S

I
4 3K ω η ω= ⋅ represents the 

viscous losses in the material. The assumption of causality (i.e. no condensation response without a 
causal pressure stimulus) leads to the acoustic Kramers-Kronig-Relations [2]:
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Due to the singularity at ω ω′= , the integral has to be solved as a principal value, denoted with P. The 
real and imaginary parts of the frequency dependant bulk modulus interrelate to each other and each 
material law has to fulfill these equations. This plays a decicive role for the acoustic wave propagation in 
an absorptive medium. With the complex valued wavenumber ( ) ( )1c jξ ω ω α ω−= + and also a complex 
sound velocity ( ) ( ) 0

c Kω ω ρ= it is possible to expand equation set (3) into a lokal form around a 
centre frequency 

0
ω . At this frequency the speed of sound is 

0
c and the density 

0
ρ of the liquid is 

assumed to be constant:
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In this form ( ) ( ) ( )V S
4 3Kω η ω ωΚ = is the ratio of imaginary and real part of the complex bulk modulus. 

Therewith, it is obvious that there is a causal relation between the characteristics of sound propagation 
and physical or rheological material behaviour as it is expressed in ( )V

ωΚ . So, if both spectra (or parts of 
it) are known, it is possible to match the frequency dependant material properties to equation (4a) and 
therwith to find the variable of interest just from acoustic transmission measurements through the analyte.

Apart from these bulk characteristics, the liquid also affects the wavepropagation in a solid by the solid-
liquid interface, because it changes the boundary conditions. So let’s consider a plane wave in a solid half 
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space adjoining the predescribed liquid. Depending on the particle movement at the solid side of the 
boundary, different properties of the liquid affect the amplitudes of the reflected wave. First, considering 
the out-of-plane components of the incident wave, the main property is the real part of the liquids specific 
acoustic impedance ( ){ } ( ){ } ( )0 0

Z c cω ρ ω ρ ωℜ =ℜ ⋅ ≈ ⋅ . This simplification is valid because there are no 
considerable volume viscous losses in the liquid, and the out-of-plane components only excite longitu-
dinal waves. The more the impedance matches the longitudinal wave impedance 

L s L
Z cρ= ⋅ of the solid,

the better the out-of-plane components leak into the liquid. The amplitude transmission factor R
T is:
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Due to the fact that the liquid density 
0
ρ is involved this is known as mass effect. Secondly, considering 

the in-plane components of the incident wave, these components only loose energy to the liquid if there is 
a significant imaginary part ( ){ } ( ) ( )( )s 0

2 3Z cω η ρ ωℑ ≈ of the specific impedance. This simplification is 
valid as the in-plane components only exite an inhomogeneous wave in the liquid. With the transversal 
specific impedance 

T s T
Z cρ= ⋅ of the solid, the transmission factor I

T is

( )
I s

s 0 s T

4

2 3
T

c c

η

η ρ ω ρ
=

+
(6)

This effect is dominated by the viscosity of the liquid. Therewith it is possible to decompose mass-
proportional and viscosity-proportional damping of a wave by a proper selection of the used wavetypes. In 
both cases it is essential to know both, the initial amplitudes and the sound velocity at the operation 
frequency.

Classification of waveguide sensors

As guided acoustic waves range from the mm-scale to the km-scale, it is no surprise that they are used in 
lots of different scientific disciplines like seismology, geophysics, non-destructive testing, biological and 
chemical analysis or process measurement engineering (Fig. 1). But the basic equations that are used for 
modelling wave propagation are always the same. Additionally, the mechanisms of interaction between 
liquid and acoustic wave can all be matched to one of the effects that are described in Eq. 3 - 6.

Figure 1: Guided waves in different scales: There are lots of applications, differing by the frequency of operation and 

therewith by reach of the waves and size.

Apart from the scale, the two described mechanisms of influencing sound propagation lead to a pheno-
menological way of classifying acoustic waveguides.

1. Solid/liquid interface sensors: 
a. In-plane displacements: With Love- or Scholte-waves it is possible to sense mainly viscosity and 

there are a lot of realizations in different fields of applications at each scale [3-8]. 
b. Out-of-plane displacements: Guided waves with pure out-of-plane displacements are nonexistent. 

Therefore most of acoustic impedance measurement systems are not based on waveguides [9].
c. Mixed displacements: There are lots of waves like the leaky Rayleigh- or leaky Lamb-waves, 
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properties, density and viscosity influence the amplitudes of the guided waves. This is why 
applications are seldom, one example is given in [10].

2. Pure liquid waveguides:
a. Single mode operation: Most of ultrasonic flowmeters are designed in such a way that higher 

modes don’t interfere time-of-flight measurements. The additional measurement of sound velocity 
allows simple classification of liquids and even concentration measurements.

b. Multimode operation: When the diameter of the waveguide increases the number of propagating 
modes increases, too. Modelling and sound velocity measurement get more complicated. but 
there are some approaches to sense both, modespecific times-of-flight and amplitudes [11, 12].

c. Bulk wave operation: Here, the waveguide diameter is large in comparison to the wavelength in
the liquid and a wave package travels zig-zag through the waveguide. Therewith very precise 
sound velocity measurements are possible [13]. 

Modelling and simulation

Most of the interface sensing waveguide systems are driven in such a way that only one specific mode is 
excited. This can be done by adopting the geometry of the waveguide to the frequency of operation and 
geometry of the transducer or vice versa. A basis for a proper sensor design as well as simulation of 
wave propagation are the dispersion relations (Fig. 2) that can be calculated by Waveguide FEM or the 
Global Matrix Method for instance [14-16]. Therin it is also possible to consider the modified boundary 
conditions at the outer wavegguide surface due to the adjoining liquid medium. The dispersion relations 
are a survey of solutions of the frequency equation. In addition, each solution corresponds to one specific 
shape of strains or displacements in the cross-section of the waveguide. Furthermore, the velocity-
frequency plots show a geometry dependent dispersion. If the material dispersion (Eq. 4) should be 
evaluated for liquid characterization it is essential to take also the waveguide dispersion into account.

Figure 2: Different types of graphic representation for the dispersion relations for a hollow cylinder 

(Black: Symmetric modes w.r.t. the neutral axis; Gray: Antisymmetric modes)
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In most of the singlemode operating systems only small wavenumbers are considered (lower left part of 
frequency-wavenumber plot in Fig.2), whereas in multimode operation some tens of modes are part of 
wave propagation. Taking also the shape of the modespecific strains into account it is possible to expand
any acoustic excitation into its modal components and to propagate them through the waveguide to any 
other location, even if the propagation media are attenuative. The modal expansion is similar to a Fourier 
expansion, but the sinusoidal basis function set is replaced by the modal shape functions, which are 
orthogonal but not necessarily complete. This is why a least squares approach is a good choice for 
amplitude determination. Figure 3 demonstrates this kind of modal expansion for a hollow cylinder under 
the assumption of pure normal stress at the beginning of the waveguide.

Figure 3: Dispersion relations and modal weights for an axial symmetric waveguide

(light gray: Antisymmetric modes; solid lines: Symmetric modes)

It is obvious that only up to approximately three modes contribute to the sound propagation at each fre-
quency. These main components all belong to symmetric modes, caused by the predefined excitation. At 
this step the frequency dependent absorption as well as material specific and geometric dispersion can 
be considered, resulting in an acoustic transfer function ( )jG ω . Therewith it is possible to simulate the 
transmission of an acoustic excitation to any other place in the waveguide. The procedure of recombi-
nation for the hollow cylinder, whose expansion is shown in Fig. 3, is demonstrated in Fig. 4. Analytical 
simulation and measurement are in good agreement.

Figure 4: Simulation scheme and one simulation result in comparison to measurement

Measurement of dispersion relations 

Finally the measurement of waveguide properties shall be discussed. There are different ways to 
measure the dispersion relations and, as so often, it is a trade-off between information content of the 
measured variables and the technical demands or costs. The most significant method is to measure the 
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out-of-plane displacements as a function of time and space at the bounds at the end of the waveguide. A 
two-dimensional Fast Fourier Transform (2D-FFT) is a good approximation for the frequency-
wavenumber plot [17]. 

Figure 5: Measurement setup and one result from D. Costley e.a. in [17, Fig. 3] for a 1.016 mm thick aluminium 

plate; both Lamb waves are identified by marking the local extrema of the 2D-FFT result

Less expensive but also less meaningful is the sonagram analysis of a single detected signal at the end 
of the waveguide. The Fourier transforms of the windowed signal are plotted as a function of time while 
the window is also time-shifted (Fig. 6). The general problem is, that the size of the window determines 
the uncertainty in the time- and frequency-domain respectively. But if additional information of the window
as well as the delay between two consecutive echoes is taken into account it is possible to sharpen the 
sonagram by an iterative deconvolution algorithm 
for instance [11]. The first lokal maxima are then a 
good guess for the modespecific group delays 
whereas the following maxima indicate bandgaps.

A very low cost solution is the model based Prin-
cipal Component Analysis (PCA) [12]. In this 
approach it is assumed that there are analytic 
eigen-signals corresponding to each mode that 
propagates through the waveguide. Then the 
envelope of the eigen-signals always has nearly 
the same form, while the amplitudes of real and 
imaginary part change with small changes of the 
system. Every received signal can be expanded 
into the eigen-signals, and in some cases the 
resulting modespecific amplitudes may be 
meaningful enough for measurement of liquid 
properties just as well. Fig. 7 exemplifies the 
correspondence between the eigen-signals which 
were determined by a PCA and the modal weights 

i
w that were calculated with modal expansion and 
by knowledge of the dispersion relations. There are 
still some ambiguities in the PCA-results but these 
can be resolved with the knowledge of the 
analytical eigen-signals.

Figure 6: Signal at the end of a 30 mm long and 6 mm 

thick waveguide and the corresponding sonagram; for 
comparison the group velocities of figure 2 were con-

verted to group delays and plotted as black solid lines in 
the same figures.
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Figure 7: The PCA of different signals at the end of the waveguide results in pairs of eigen-signals (left); the 
sum of squares of these pairs (right, gray) match the modal weight functions (right, blue)

Conclusion

The presented methods are suited to model, simulate and measure mode-specific wave propagation in 
an acoustic waveguide. Taking into acount geometric dispersion these methods are some basic tools for 
identifying the material specific absorption as well as sound velocity which are interrelated through the 
local Kramers-Kronig relations. If both functions are known it is also possible to switch to the rheologic 
properties of the liquid.
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