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Abstract: We address the problem of identifying the temperature-dependent parameters of
ring-shaped piezoelectric samples based on simulated data. For this purpose, we assume
a polynomial structure of the material parameters with respect to the temperature. To
increase stability and accuracy of the reconstruction, we apply adapted optimization and
regularization strategies using regularized Newton-type methods in a block coordinate

descent framework.
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Introduction

Understanding the behavior of piezoelectric com-
ponents is essential for various sensor and actua-
tor applications, especially given their temperature-
dependent characteristics. While piezoceramic ele-
ments undergo changes in properties due to heat-
ing during operation, it is imperative to develop a
method for predicting these changes. This results
in the assumption that the material parameters
depend on temperature changes, where we do
not consider thermal coupling effects. The elas-
tic stiffness parameter c* is not very sensitive to
temperature changes, see [1]. Hence, we assume
that this parameter is known, yielding that the re-
quired matrix valued parameter functions for the
piezoelectric coupling e and the permittivity 5 are
dependent on a known temperature 0 € ©:

R 0 0 ews(0)
e(0) := <egl<a> en(0) en(®) 0 ) M
ES(G) = <€110(9) 6330(9)> 9 (2)

where © C Rt is a temperature interval of finite
cardinality. Furthermore, we deduce from [1] that it
is reasonable to assume a polynomial structure of
the material parameters with respect to 6, i.e.,

k k
(e(6),2(0)) = (Zajeﬂ‘,Zbﬂf‘) )
j=0 j=0

where (a;,b;) € R?>* x R?*2for 0 < j < k. The
coefficients in (3) are constant matrices and have
the same structure as in the identities (1)-(2). This
results in a transition of the parameter function
space to a finite dimensional vector space, see [2].
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The inverse problem

For k = 1, we have to reconstruct 10 parameters.
Consequently, the parameter space X reads as

X = {pGRloi P1 = a11, >O7 P2 = ass, >O,
p3 = bisy, Pa = b31,, D5 = b33y, P6 = G11,,

p7 = a33,, ps = bis,, P9 = b31,, P1o = b33, }

As geometry we consider a thin annular piezo-
electric element, where we exploit the symme-
try of the geometry and use cylindrical instead
of Cartesian coordinates. Consequently, we ob-
tain a Lipschitz domain 2 ¢ R? and assume that
its boundary can be represented as the disjoint
union 99 := I',UT',UT',,. Thereby, I', is the bound-
ary segment electrically excited with an excitation
signal independent of the spatial domain (equally
distributed), I'y is the grounded boundary segment
and I';, is the remaining part of 9§2. We introduce

Hi+(2,C) = {f € H*(Q,C)| fl(r.ury) =0},
HE(Q,C?) = { € LA, C)| ||/l g anco) =
1Flp20,c2y + 1Bfll 2,02y + HBTBfHLZ(Q,(P)} J

where

9
V:z(%) and B :=

flo o -8l
O O

%
or

with r denoting the radial and z the spatial element.
Hence, we define the state space as

W= (H3(Q,C?) x H&F(Q,C)) ,
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which coincides with the solution space of the fol-
lowing Fourier-transformed PDE-system

Ve O, YueW:
— pw?dii — BT (dacP(0)Bii + €T (0) Vo)
=BTTO)Vy in Q (4)
_v. (e(e)Ba - as(a)véo)
=-V-5@)Vy in Q@ (5)
n- (e(a)Ba - 5S(G)V¢30)
=n-56)Vx
N (doc®(0)Bii + €T (0) Vo)
=-NTeT(0)Vxon 99, (7)

where s = (i, ¢o) is the solution of the system,
peRY dy:=1-i2, dy:=1+iwh. We denote
the space of frequencies with W c R*, |[W| < oo.
Furthermore, n is the normal element correspond-
ing to V and N the normal element correspond-
ing to B. Additionally, we included the Rayleigh
damping model, with «, 3 € RJ as Rayleigh damp-
ing parameters. The mixed Dirichlet boundary
conditions, needed to model the excitation be-
havior, were homogenized using the Dirichlet lift
Ansatz with Dirichlet lift function y, see [2]. Conse-
quently, we define the piezoelectric model operator
A% X xW — W+ foreach § € © and w € W via

<Ag@wﬂﬂvﬂwhvaw1=2ﬂj£(——dumﬁﬁTv

on I', (6)

+ (dch(O)Ba + eT(é))w@O)T Bo
~NT
+ (e(a)zaa . 5S(G)V¢O> YV 8)

+ (T (0)Vx) B - (z—:S((‘))Vx)TVw> rd(r,z).

To recover information on the parameter p, we
need observed data with respect to the state s and
the parameters p. Hence, we define the charge
pulse Q7 : X x W — C,

Q% (p,s) = Re (QL(p, 5)) +Im (QL(p, 5))
=27 rie T ) -nd(r,z
=2 /F ((9)8 (H)qu) d(r,2) (9)

for each § € ©, w € W, where Re(:) denotes the
real and Im(-) the imaginary parts. We assume that
|Q% ||l > 0 and define the observation operator
C’: X xW —Rforeachf € ©, we W as

Cl(p,z) =log (||QL|l.) - (10)

To model the inverse problem, we employ the
reduced approach, meaning that we have to
eliminate the model by introducing a so-called
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parameter-to-state map S’ for each w € W and
each 6 € O, which maps each parameter to
the corresponding solution of the underlying PDE
model (4)-(7). For existence and regularity of the
parameter-to-state we need the following result,
which includes regularities and important proper-
ties of the model and the observation operator.

Proposition 1. Foreachw € W and 0 € ©, A%,
as given in (8) is well-defined, bounded, bijective
and continuously Fréchet differentiable on X x
W, C? as given in (10) is well-defined, bounded
and continuously Fréchet differentiable on X x W
and S? is well-defined, non-linear and continuously
Fréchet differentiable on X .

Proof. Due to Plancherel’s Theorem, see [3],
Chapter 7, the Fourier transform is continuously
invertible on L?(0,T). Furthermore, the coordi-
nate transformation is continuously invertible and
H'Y(0,T) is isometrically isomorphic to L?(0,7).
Hence, there exists a continuously invertible trans-
formation between our setting and the setting in
[2]. Lastly, ||Q%||~ > 0, |I-[l on R\ {0} and log(-) on
R are continuously Fréchet differentiable. O

As observed data is usually contaminated with
noise, we consider noisy data y° € R"I'®l. Then,
the forward operator ' : X — RIWI'€l reads as

o (p, S (p)))
(o wsewn)
F(p) = :

(B, 527 ()
Consequently, we want to identify p € X such that

F(p) =y’ (11)

This casts the problem into a single operator equa-
tion for the quantity p. As this inverse problem is
ill-posed, see [4], we introduce a weakly lower
semi-continuous regularizer R, : X — R with
regularization parameter 7 > 0. Then, we address
the inverse problem (11) similarly to [2] and [4] via
an optimization approach, i.e., we aim at finding a
minimizer of

Tw) = 5IF@) ~ e + Re0), (12)

which we assume to exist. As gradient computation
for J in (12) is often done via adjoints, we note that
the adjoint PDE is uniquely solvable for every state
(@, q@o) € W, see Proposition 1 and [2].

wew

Numerical realization and results

In praxis, sensitivities for different parameters vary
considerably for solution methods to inverse prob-
lems in piezoelectricity, see [5]. To provide a better

135



DOI 10.5162/Ultrasonic2025/A18-a3

handling of sensitivities, we propose a block coordi-
nate descent (BCD) approach, similarly to [5]. This
method iteratively minimizes the objective func-
tion over selected blocks of optimization variables
while keeping the remaining optimization variables
fixed, see [6]. We assume a cyclic selection, which
means that the same partitions in a fixed order are
cycled through, where in each step, one block is up-
dated according to a sub-optimization method and
then fixed while the next block is optimized. As [5]
suggests to use BCD methods in combination with
Newton-type methods as sub-optimization method,
we apply a regularized structure exploiting Quasi-
Newton update, see [7]. To ensure robustness we
use the globalized approach (GRSE) of [7], which
controls the regularization parameter such that it
leads to globalization. Furthermore, we will use
the partition By = {a33l,b15l,b311,b331 = 1,2}
and By := {a11, : | = 1,2}. This choice is mo-
tivated by the corresponding sensitivities, since
the forward operator is least sensitive to a;;, for
zeroth-order parameters and to aq;, for first-order
parameters. Consequently, it is reasonable to per-
form the optimization for B first, while keeping
Bs, fixed at the initial guess until convergence is
reached to some extent, and then start with the
alternating reconstruction of both blocks. As each
block performs the GRSE method, they may have
own regularization parameters 7% > 0, 752 > 0
corresponding to the respective block. The inverse
problem will be numerically realized using the
discretize-then-optimize approach, where we em-
ploy algorithmic differentiation (AD), see [8] and
[9]. The space discretization is based on a finite
element method, where we use FEniCS [10] in
dolfin version 2019.2.0.dev0 and AD via the dolfin
adjoint [11] library of FEnNICS in version 2019.1.0.
As domain Q2 we consider a rectangle with vertices
(2.6,0), (6.35,0), (6.35,1), (2.6,1), where coordi-
nates are given in mm. Furthermore, we use 10V
as excitation pulse and perform any numerical re-
alization in kHz. This has the advantage of a better
condition of the PDE system as the magnitudes
of the material parameters differ significantly less.
The temperature values considered in all numerical
realizations will be ® = {50°C, 70°C}. The damp-
ing parameters and the elastic stiffness parameter
at 60°C are taken from [1]. The polynomial pa-
rameters serving as ground truth p* are presented
in Tab. 1 according to [1], rounded to two decimal
places. Using FEnICS, specifying the Dirichlet lift
function x can be avoided, as it is possible to di-
rectly implement mixed Dirichlet conditions. Third-
order elements with element size ~ = 150 um yield
sufficiently reasonable simulation outcomes. From
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Tab. 1: Target polynomial parameters.

Pol. par.  Value Pol. par. Value
aii, 2505.38 b151 11.34
a, 9.72 b31, —5045.55
33, 4975.13 bs1, —~7.35
ass, 18.67 b330 13316.54
b1s, 9174.08 bss, 23.82

[12] and computed sensitivities, conclusions can
be drawn about reasonable frequency domains for
the inverse problem. Due to the small sensitivities
of the forward operator with respect to a,,, and
ai1,, we will use a finer frequency grid in areas
where the forward operator is more sensitive to
those parameters and in resonance areas. Hence,
we use W := W; UW, U W; as frequency domain,
where

W) :={weN: w=0mod 3, 38 <w < 2600},
Ws :={w e N: w=0mod 20, 2600 < w < 4500},
Wi :={weN: w=0mod 3, 4500 < w < 6000}.

To generate the noisy data 3° we contaminate
the exact simulated data y, generated according
to the parameters in Tab. 1, additively with uni-
formly distributed random noise with a noise level
of 1%. We employ the hyperparameters ;. = 0.5,
' =702 =107, 0 = 4, ¢c = a = 10~ and scale
the zeroth-order parameters with 102. Here, u is
the decay factor and o is the growth factor of the
regularization parameters for each block, see [7],
and ¢, areferto ¢, pin[7]. As initial Quasi-Newton
matrices for each block we use scaled identities
with scaling factor 10~%. Finally, we choose an ini-
tial parameter guess p° that deviates by 5% from
the parameters in Tab. 1. In Fig. 1, the parameter
identification results using the BCD-GRSE method
are shown, where every iteration step remained in
the feasible set. For better visualization, the recon-
structed parameter values have been normed by
the ground truth, such that we aim for convergence
to one. The reconstruction results in Fig. 1 show
convergence, but the parameters to which the for-
ward operator is least sensitive overall do not fully
align with the respective ground truth. However,
the charge computed with the reconstructed pa-
rameters aligns very well with the one obtained
with the target parameters. The convergence of
the data discrepancy term of the objective func-
tion to the target value confirms this behavior, see
Fig. 2, where p™ denotes the reconstructed pa-
rameter at iteration n. Consequently, no further
improvements can be expected, given the current
objective function, since the occurrence of various
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Fig. 1: Identification of the polynomial parameters.
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Fig. 2: Convergence of the data discrepancy.

local minima impairs uniqueness of reconstructed
parameters. This behavior appears to occur due to
the amplification of the discrepancy in sensitivities
by the forward operator in the parameterized case.
Consequently, selecting a suitable frequency range
led to an improvement. If the material parameters
are reconstructed separately for each individual
temperature, this effect occurs significantly less.

Conclusion

We considered the problem of identifying
temperature-dependent material parameters for
piezoelectric rings, where we assumed a poly-
nomial structure of the material parameters with
respect to the temperature. To achieve reliable
parameter identification, we used a block coordi-
nate descent regularized Quasi-Newton method
and adapted the frequency domain. The resulting
methodology allowed a sufficient reconstruction of
the polynomial parameters, as demonstrated by
numerical results, but is prone to instability with
respect to uniqueness. Furthermore, we note that
this approach relies on a-priori knowledge of the
parameter behavior, which is reasonable but may
not always be available.
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