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Summary: Nanomechanical resonators have been explored as candidates for various sensing applications. Two-
dimensional (2D) nanomechanical resonators are of particular interest due to their ultralow mass and large surface-
to-volume ratio, which may enable high mass resolution under vacuum conditions. However, a comprehensive
model for calculating dynamic range (DR) and mass resolution in 2D circular nanomechanical resonators is still
lacking. In this work, we establish such a model by incorporating the effects of fringing fields and the Casimir effect.
Our results indicate that fringing fields have significant impact on simulating device properties. The Casimir effect
could be of relevance for low initial strain membranes and initial electrode gaps below 100 nm.
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Background, Motivation and Objective
Nanomechanical resonators have been investi-
gated for sensing applications such as temper-
ature, mass, and gas detection, due to their
fast response and potential for high resolution in
controlled environments like vacuum [1]. Mass
changes, for example, are detected through
shifts in resonance frequency [2], as illustrated
in Fig. 1(c). Two-dimensional (2D) nanome-
chanical resonators are particularly interesting
due to their ultralow mass and high surface-to-
volume ratio, making them highly sensitive to ex-
ternal stimuli like strain, mass, light, and temper-
ature [1]. For sensing applications, the frequency
resolution (or equivalent mass resolution) is crit-
ical as it directly impacts the performance of
the resonant sensor. The frequency resolution
strongly depends on the dynamic range (DR), as
a higher DR improves the signal-to-noise ratio
(SNR) and thus allows the detection of smaller
frequency shifts. In this work, we establish a
comprehensive dynamic range model for circular
2D nanomechanical resonators by incorporating
both the fringing fields and the Casimir effect.
The model suggests that these effects may in-
fluence dynamic range and mass resolution, es-
pecially at high DC gate voltages. A parameter
sweep of thickness, radius, and initial gap dis-
tance analyzes their impact, providing a frame-
work for improved modeling of sensing perfor-
mance and 2D resonant membrane design.

Theoretical Model
The resonant membrane, as seen in Fig. 1(a),
is capacitively actuated by DC and AC voltages.
Properties such as static center deflection (w0),
strain (ε), resonance frequency (f0), and criti-
cal amplitude (ac) are derived from the force bal-
ance, obtained by differentiating the total system
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Fig. 1: (a) Schematic of mass adsorption on a res-
onant sensor. (b) Flowchart of the theoretical model.
(c) Illustration of the minimal detectable frequency shift
due to mass adsorption for sensors with low and high
DR. (d) Impact of the fringing fields effect on mass res-
olution and DR as a function of applied gate voltage.

energy (Fig. 1(b)). The electrostatic energy (in-
cluding fringing fields [3]) and Casimir energy [4]
contributions are given by:
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where R is radius, g is gap distance, Af is the
fringing fields factor, c1 and c2 are fitting parame-
ters, and η0 is the Casimir factor (accounting for



the conductivity of the materials). From the de-
rived properties, the DR and the mass resolution
are determined by [5]:

DR = 20 log
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)
, (4)

δm ≈ 2meff

Q
× 10−DR (dB)/20, (5)

where Sx,th is thermomechanical noise, ∆f is
measurement bandwidth, meff is effective mass,
and Q is quality factor. The DR describes the
ratio between the maximum vibration amplitude
and the noise floor, reflecting the signal-to-noise
ratio. A higher DR thus enables the detection of
smaller masses.

Results and Discussion
According to our model, the Casimir effect be-
gins to influence the device properties only when
the gap distance is below 100 nm, the initial
strain is low, and the applied voltage is small
or zero. In all other cases, its effect is negli-
gible. To investigate the effect of fringing fields
on resonant sensor performance, we sweep the
DC gate voltage and evaluate the resulting dy-
namic range and mass resolution, as shown in
Fig. 1(d). The calculated DR and mass reso-
lution are higher when fringing fields are taken
into account. Notably, the impact of the fring-
ing fields effect is primarily governed by the de-
vice’s radius-to-gap ratio (R/g), with the model
showing a 4% increase in DR observed for R/g
= 1 at 50 V, reaching up to 73 dB. This corre-
sponds to an approximately 28% lower minimal
detectable mass, reaching sub-zeptogram levels
for a device with R=0.5µm and t=2nm. More-
over, at higher DC gate voltages, the difference
between models with and without fringing fields
becomes more pronounced.
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Fig. 2: Dynamic range as a function of varying ge-
ometric device parameters: (a) thickness, (b) radius,
and (c) gap. The fringing fields effect is considered for
the right side of the plot. The purple lines represent
the fixed parameter values.

To better visualize how geometric device pa-
rameters influence the DR and how fringing
fields affect it, Fig. 2 presents a parameter
sweep with and without considering the fring-
ing fields effect. We observe, that when fring-
ing fields are considered the DR increases faster
with applied gate voltage. Additionally, DR in-
creases with increasing radius and decreasing
gap distance, while an increase in thickness en-
hances DR at low voltages but reduces it at
higher voltages. Similarly, Fig. 3 presents the pa-
rameter sweep for mass resolution. Since mass
resolution is directly derived from the DR, it ex-
hibits the same trends observed for DR.
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Fig. 3: Mass resolution as a function of varying ge-
ometric device parameters: (a) thickness, (b) radius,
and (c) gap. The fringing fields effect is considered for
the right side of the plot. The purple lines represent
the fixed parameter values.
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