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Abstract

This paper presents a probabilistic framework for uncertainty quantification in nonlinear measurement systems
based on Gaussian mixture models. Instead of relying on local linearization as often used according to the
Guide to the Expression of Uncertainty in Measurement (GUM), the proposed approach represents the mea-
surement model as a joint probability density function of input and output quantities. This joint distribution
is approximated using a Gaussian mixture, the parameters of which are estimated from data via the Expec-
tation—Maximization (EM) algorithm. Posterior distributions of the measurand are obtained by conditioning
the Gaussian mixture on observed input values, enabling the characterization of non-Gaussian, asymmetric,
and multimodal uncertainty structures. This formulation allows for a flexible and computationally efficient
alternative to classical uncertainty propagation methods, particularly in the presence of nonlinear relationships.
The approach is demonstrated using fatigue strength estimation of materials, where uncertainties in hardness,
residual stress, and surface roughness are propagated through a nonlinear model. Monte Carlo simulation is
used as a reference, and the resulting distributions are approximated by Gaussian mixtures. The results show
that the proposed method provides a consistent and compact representation of uncertainty while preserving
relevant distributional features.
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1 Introduction ations such as marginalization, conditioning, and
Bayesian fusion can be realized via closed-form or

1.1 Motivation efficiently computable solutions in the Gaussian mix-

In the Circular Factory!, used products are reinte- ture domain. This makes them particularly suitable
grated into production and reconditioned for subse- for nonlinear estimation and sensor fusion tasks [1].
quent product generations. Products in such a sys- A fundamental component of uncertainty quantifi-
tem are subject to numerous sources of uncertainty, cation is the measurement model, which describes
including unknown prior usage conditions, measure- the relationship between an observed value and the
ment inaccuracies, incomplete material knowledge, underlying true quantity. Such models may be de-
and imperfect models. These uncertainties must fined analytically (e.g., density derived from mass
be rigorously accounted for in decision-making pro- and volume), specified in datasheets, or obtained
cesses. Probability density functions (PDFs) provide empirically from measurement data.

a principled mathematical framework for represent-

ing uncertainty [1]. In contrast to single-value un- 1.2 Related Work

certainty measures, PDFs capture the full stochastic The current state of the art in measurement uncer-
behavior of a quantity of interest. However, their tainty evaluation is the Guide to the Expression of
practical application requires representations that Uncertainty in Measurement (GUM) [3], published
are both expressive and computationally efficient. by the International Organization for Standardiza-
Gaussian mixtures (GMs) constitute such a repre- tion. The classical GUM framework relies on lin-
sentation. As a parametric family characterized by earization of the measurement model and assumes
weights, means, and variances, they enable compact approximately Gaussian output distributions. These
descriptions of complex datasets. GMs can approx- assumptions are violated for strongly nonlinear mod-
imate arbitrary distributions, including multimodal els or asymmetric distributions.

and asymmetric ones, while maintaining computa- To overcome these limitations, GUM Supplement 1
tional tractability [2]. Moreover, many key oper- introduces a Monte Carlo method for propagating

- — . full probability distributions numerically. This ap-
+.._The vision of the Collaborative Research Center 1574 proach avoids linearization and Gaussian assump-
Circular Factory for the Perpetual Product" is to enable in-

tegrated linear and circular production on an industrial scale. tions, and instead approximates the output distri-
(www.sfb1574 kit.edu) bution through repeated sampling. Harris and Cox
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[4] describe this method as a numerical implemen-
tation of the "propagation of distributions" and dis-
cuss practical aspects such as convergence and com-
putational cost. Comparative studies, for example
[5] [6], show that GUM and Monte Carlo methods
yield consistent results for linear or near-linear mod-
els, while Monte Carlo methods become essential
for significantly nonlinear systems.

However, while the Monte Carlo approach pro-
vides accurate distributional propagation, it typi-
cally yields only numerical representations of the
resulting distributions. This can limit interpretabil-
ity and computational efficiency in downstream pro-
cessing, motivating the need for compact parametric
representations of uncertainty.

In this paper, we propose a method to determine
the posterior uncertainty of a true quantity given a
single observed measurement and an arbitrary mea-
surement model. The resulting uncertainty is repre-
sented as a probability density function in the form
of a Gaussian mixture. This approach generalizes
classical GUM-based uncertainty propagation by ac-
commodating non-Gaussian, nonlinear, and multi-
modal structures while preserving computational ef-
ficiency.

As a practical example, we consider measurement
data related to the fatigue strength of materi-
als. This example demonstrates how complex mea-
surement uncertainties can be systematically repre-
sented and propagated within the proposed Gaus-
sian mixture framework. We compare the method
to the GUM uncertainty propagation method.

2 Method

2.1 Estimating the model

The objective of the proposed method is to rep-
resent the entire measurement model as a joint
PDF of the output quantity and all relevant in-
put quantities using a multivariate GM. Let x =
[1,22,...,7;]T denote the unknown output quan-
tity of interest, the measurand. The input variables,
which are measured or observed, are described by
Yy = [Y1,92,-..,y;]T. Instead of describing the
measurement model as a deterministic function, the
stochastic relationship between input and output
quantities is modeled through the joint distribu-
tion. This joint density is approximated by a Gaus-
sian mixture model using the random variables y, x.
This formulation allows modeling complex and non-
linear dependencies between the variables to be rep-
resented within a compact parametric framework:

K
p(xy) =Y mN(x,y | i, k) (1)

k=1

where the mixture weights satisfy

K
m > 0, Zﬂ'k =1. 2
k=1

2

23. ITG/GMA-Fachtagung Sensoren und Messsysteme 2026

The mean vector and covariance matrix of the k-th
component are given by

= |:/1']€’II/’:| , Ek _ |:Zk,:z:x
M,y

zk:,ym
This representation allows us to model arbitrary
nonlinear and multimodal dependencies between
variables.
To estimate the parameters of the Gaussian mix-
ture, the Expectation-Maximization (EM) algorithm
[7], [8] is employed. The EM algorithm is a stan-
dard and efficient approach for maximum likelihood
estimation of mixture models and provides closed-
form updates for the mixture parameters. The al-
gorithm iteratively alternates between two steps. In
the expectation step (E-step), the posterior proba-
bility that a data sample belongs to each mixture
component is computed. In the maximization step
(M-step), the mixture parameters, including compo-
nent weights, means, and covariance matrices, are
updated based on these findings. Thus, the param-
eters of the mixture model are learned directly from
the observed data samples by maximizing the likeli-
hood of the dataset.
To prevent overfitting, the number of Gaussian com-
ponents is not chosen arbitrarily but determined us-
ing model selection criteria. In particular, the Akaike
Information Criterion (AIC) or the Bayesian Infor-
mation Criterion (BIC) [8] are evaluated for models
with different numbers of components. Both scores
penalize the number of components. The model
with the minimum information criterion is selected,
providing a balance between model accuracy and
complexity.
The AIC is defined as

Ek Ty
(3
Ek] 3)

AIC =2p — 2In(L), (4)

where p denotes the number of free parameters of
the model and £ the maximized likelihood of the
data.

The BIC is given by

BIC = pIn(N) — 21n(L), (5)

where N is the number of data samples. The pre-
ferred model is the one that minimizes the respective
information criterion. Figure 2 shows an example of
a nonlinear measurement curve and its joint GM fit.
The number of components was set to five, based
on the minimum AIC score shown in Figure 1.

2.2 Calculate the posterior distribution

Once the joint probability density p(x,y) has been
estimated, inference can be performed by condition-
ing on observed input values. Conditioning corre-
sponds to observing specific measurement values
and evaluating the resulting posterior distribution
of the output quantity. Conceptually, this can be
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Figure 1: AIC and BIC scores of the GM for different
numbers of components

Nonlinear Measurement Model with fitted Gaussians

Figure 2: Measurement model with an observed

value y* = 20

interpreted as taking a slice through the joint Gaus-
sian mixture along the observed dimensions.
Assume that the input variables are observed as
y* = [y, vs,-..,y]T. The posterior distribution
of the output quantity = is then obtained using
Bayes' rule

p(xy")
px|y") = ——5" (6)

p(y*)
The denominator represents the marginal density of
the joint distribution evaluated at the observed in-
put values. It is obtained by integrating the joint

density over the output variable

p(y) = /p(x, y) dx. (7)

Due to the properties of Gaussian mixtures, this con-
ditioning step can be performed analytically for each
mixture component. As a result, the posterior distri-
bution p(x | y*) is again represented as a Gaussian
mixture of lower dimension. This enables efficient
inference of the output uncertainty for arbitrary ob-
servations of the input variables.

The conditional distribution of the output variable
for component k is therefore given by (see [2] [1]):

Pk zly = How + Zk,xyzi,;y(y* — Itk,y) (8)
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- Zk,xyzl;gl;yzk,y% 9)

The mixture weights are updated according to the
likelihood of the observation under each component

EIc,x|y = Ek,zx

L = N | tte,ys Zyy) (10)

leading to the normalized conditional weights
kL

Y il

The posterior distribution p(x | y*) is therefore
again a Gaussian mixture with updated parameters

{ﬁ-ka Pk ,a|ys Zk,x|y}£{:1'

(11)

T =

Density at observable y* — 20.0

0304

0.204
= 0159
0.104

0.054

0.004

Figure 3: Conditional posterior p(x | y*) GM for an

observed value y* = 20

Figure 3 shows the posterior PDF after an observa-
tion for the given examplary measurement model.

3 Application

3.1 Generation of fatigue strength samples

Determining the local fatigue strength R, (x) of
materials in used components is an important qual-
ity indicator for assessing the product’s remaining
service life and plays an important role in the con-
text of the circular factory in determining whether a
material can be reused. Fatigue strength is a quan-
tity that depends on the depth 7 into the material.
However, fatigue strength cannot be measured di-
rectly, instead, other parameters must be measured
to infer this quantity. Those measurable parameters
are surface roughness R., hardness HV, and resid-
ual stress ogs.

In the experiment, each of these quantities was
measured repeatedly, yielding a mean value p and
a standard deviation o that describe the measure-
ment uncertainty. Table 1 summarizes the obtained
statistics. In this experiment, all quantities are con-
sidered at a depth of r = 0, corresponding to the
material surface. The fatigue strength was calcu-
lated using nonlinear analytical relations that de-
scribe the influence of the considered surface and
material parameters. The formulas to calculate fa-
tigue strength stem from Winderlich [9]:
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Table 1: Measured input variables (depth r=0).

Variable Mean Standard deviation
R, 6.66 pm 0.89 pm
HV 677.5HV 11.4HV
oRs 348.4 MPa 4.15MPa

The static tensile strength is proportional to the
hardness:

R,.(r)=3.3-HV(r) (12)
Subsequently, the surface influence factor is:
1 =
w=1-022-log(R.) (Og<Rm(T0>> .
20
(13)

The following quantity named Local stress-free al-

ternating load resistance is computed:

RO (r) = 1.98HV (r) — 0.0011 - HV (r)?
vl 1+20.7/HV(r)

(14)

Finally, the fatigue strength is:

0 oes(r)

Ry,(r)=w- R, -log(R.) (1 Rm(r)> . (15)
Because the model equations are nonlinear, analyt-
ical uncertainty propagation is not straightforward.
Therefore, a Monte Carlo simulation was employed
to propagate the input uncertainties through the
fatigue strength model. Each input quantity was
modeled as a normal distribution N (p, o) defined
by its mean and standard deviation, from which
samples were drawn for every simulation run. The
sampled inputs were then inserted into the fatigue
strength equations, resulting in a large set of simu-
lated fatigue strength realizations. This procedure
yields a numerical approximation of the joint dis-
tribution of the input variables and the resulting
fatigue strength. In this case, the output quan-
tity depends on three input variables. Therefore the
measurement model is four-dimensional.

3.2 Estimation of the probabilistic measure-
ment model
The generated dataset of input-output samples was
used to estimate a probabilistic measurement model
of the fatigue strength. For this purpose, the joint
distribution of the fatigue strength and the input
variables was approximated by a four-dimensional
GM. The parameters of the mixture model were es-
timated using the EM algorithm. To determine the
optimal number of components, the AIC and BIC
were calculated for different numbers of Gaussian
components. The trend of the scores over the num-
ber of components is shown in Figure 5. The opti-
mal number of components according to BIC is 30.
For this case, the joint PDF is demonstrated in Fig-
ure 4. To visualize the four-dimensional distribution

4
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effectively, the marginal distribution was plotted for
each input variable.

The resulting Gaussian mixture provides a compact
parametric representation of the joint probability
density of the fatigue strength and the influencing
input variables. In contrast to deterministic models,
this probabilistic representation captures nonlinear
relationships as well as possible multimodal charac-
teristics of the distribution.

—&— AIC
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Number of components

Figure 5: AIC and BIC score for different numbers
of components of the 4-dimensional GM

3.3 Posterior inference of fatigue strength

Once the probabilistic measurement model has been
estimated, it can be used to infer the probability
distribution of the fatigue strength for observed in-
put parameters. Observations of surface roughness,
hardness, and residual stress correspond to condi-
tioning the joint Gaussian mixture model on the
measured input variables.

By conditioning the joint model on the observed
values of the input variables, the posterior distribu-
tion of the fatigue strength is obtained. This pos-
terior distribution represents the uncertainty of the
fatigue strength given the measured material pa-
rameters. Figure 6 shows an example of the pos-
terior probability density of the fatigue strength for
a specific set of observed input variables, meaning
HV* = 670MPa, o5 = 345MPa and R} =
7pm. The resulting distribution reflects both the
uncertainty of the measurements and the nonlin-
ear propagation of uncertainty through the fatigue
strength model. The results demonstrate that the
proposed probabilistic framework allows the fatigue
strength distribution to be efficiently inferred for ar-
bitrary combinations of observed material parame-
ters. This provides a flexible measurement model
that can directly quantify the uncertainty of the fa-
tigue strength based on experimentally observed in-
put quantities. [9].

4 Evaluation

In this example, a direct comparison between the
proposed method and the GUM framework is not
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Figure 4: Joint PDF of the Fatigue strength measurement model with 30 GM components

Conditional Posterior p(R,, | HV* = 670,055 = 345, Rt = 7)
T
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Figure 6: Conditional Posterior with 30 GM compo-
nents

straightforward, as the two approaches address fun-
damentally different problem formulations. The
classical GUM approach focuses on forward un-
certainty propagation, where uncertainties in input
quantities are propagated through a measurement
model to obtain the uncertainty of an output quan-
tity. In contrast, the method proposed in this work
addresses an inverse problem. Starting from an
observed measurement, it aims to determine the
posterior uncertainty of the underlying true quan-
tity. To this end, both the measurement values
and their associated uncertainties are incorporated
directly into the probabilistic model, resulting in a
multi-dimensional Gaussian mixture representation.
From this model, conditional posterior distributions
can be derived for given observations.

Applying the GUM framework in this context would
require predefined input quantities along with their
associated uncertainties. In this example, the stan-
dard deviations reported in Table 1 can be in-
terpreted as measurement uncertainties and used
within a GUM-based propagation. However, such
an approach does not account for the original
measurement in a probabilistic inference sense and
therefore does not yield a posterior distribution of
the true quantity.
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Consequently, while both approaches operate on
similar data, they differ fundamentally in their ob-
jective: the proposed method performs probabilis-
tic inference of the true quantity given an observa-
tion, whereas the GUM framework propagates un-
certainty from inputs to outputs.

Figure 7 shows the PDF of the observed values in-
cluding uncertainty. The Monte Carlo—based kernel
density estimate (KDE) is approximately Gaussian
in this case. Compared to the posterior distribution
obtained with the proposed method (Figure 6), dif-
ferences in the estimated uncertainty become appar-
ent. In particular, the standard deviation obtained
using the GUM-based approach is 14.8, while the
Monte Carlo method yields a slightly larger value
of 15.3, while the standard deviation of the Condi-
tional Posterior in Figure 6 is 0.04.

These differences can be attributed to the funda-
mentally different treatment of uncertainty. While
the GUM and Monte Carlo approaches describe the
uncertainty of the observed quantity via forward
propagation, the proposed method estimates the
posterior distribution of the underlying true quan-
tity. As a result, the proposed approach can lead to
a different uncertainty characterization, particularly
in the presence of nonlinearities or non-Gaussian ef-
fects.

PDF for observed values

Histogram of MC
—— Monte Carlo (KDE)
-=- GUM
MC Mean = 861.115
—+= MC Mean = 861.282
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Figure 7: PDF for the GUM and Monte-Carlo case
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5 Conclusion

This study presents a robust probabilistic frame-
work for quantifying measurement uncertainty in
complex, nonlinear systems, specifically tailored for
the challenges of the Circular Factory. The pro-
posed method overcomes significant limitations of
conventional approaches by representing the entire
measurement model, including the measurand and
influencing input quantities, as a joint probability
density function approximated by a GM.

In contrast to the standard GUM linearization ap-
proach, which relies on local approximations and
may become inaccurate for strongly nonlinear or
non-Gaussian systems, the proposed method en-
ables a more flexible representation of uncertainty.
By leveraging the EM algorithm, the mixture pa-
rameters can be estimated directly from data, while
model selection criteria provide guidance on the ap-
propriate model complexity. Furthermore, the ana-
lytical conditioning of Gaussian mixtures allows the
efficient computation of posterior distributions for
given observations, offering a computationally at-
tractive alternative to repeated Monte Carlo simu-
lations in scenarios requiring multiple evaluations.
The practical application to fatigue strength estima-
tion demonstrates the framework's versatility. By
integrating surface roughness, hardness, and resid-
ual stress into a unified probabilistic model, we suc-
cessfully propagated uncertainties through highly
nonlinear analytical relations. The results confirm
that the method not only yields accurate point esti-
mates but also provides a comprehensive description
of the uncertainty distribution, including skewness
and multimodality, which are critical for decision-
making in reconditioned components. Ultimately,
this approach establishes a foundational tool for
data-driven decision-making in circular production
systems, ensuring that uncertainties are rigorously
accounted for when determining the remaining ser-
vice life of reused components.
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