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Abstract

Piezoelectric materials are used for various sensor and actuator purposes. Especially in power acoustic
applications piezoceramics are loaded with electrical DC voltage or mechanical pre-load, in addition to the
excitation signal. Due to the lack of knowledge of material parameters for piezoceramics, particularly in this
operating mode, the design of a power transducer is demanding and often strongly empirically driven. A
simulation-supported design process requires that a non-linear model for the piezoelectric material behaviour
is known. A first step towards this material model is the description of linear approximated material properties
in different operating points. To shift this operating point a DC bias voltage is applied to various piezoelectric
discs and the frequency dependent impedance is determined. The results indicate a shift of all characteristic
resonance frequencies as well as changes of piezoelectric parameters directly dependent on the applied bias
voltages.

Keywords: piezoelectric materials, piezoelectric properties, DC bias field, non-linear material
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1 Introduction

Recently, simulation-driven procedures for the de-
termination of material parameters of piezoelectric
materials in the linear domain have been published
[1, 2]. Nevertheless, there are methods to estimate
the linear material properties for simulation-driven
design processes. However those provide just rough
estimate and deviate strongly regarding power acous-
tic applications or under external influences like a
mechanical/electrical pre-load. Under these circum-
stances, non-linearities play a non-negligible role.
There are different approaches to characterise and
model those non-linearities, for example by taking
non-linear second order material parameters into ac-
count [3, 4] or by extending the Mason model [5] with
non-linear voltage sources [6]. An accurate non-linear
model of piezoelectricity and a better understanding
could be used to increase the efficiency of ultrasonic
transducers or to avoid undesired effects such as de-
polarisation.
A common way to determine electromechanical prop-
erties is to linearise in an operating point, to estimate
the values by measuring the impedance of a speci-
men and to detect characteristic frequencies [7]. A
DC bias field applied to a piezoceramic shifts the op-
erating point and influences the material parameters
[3, 4, 8]. Li et al. investigate the relation between the
influence of external bias field or temperature on ma-
terial parameters and draw the conclusion that this
effect can be advantageously used for the tuning of

piezoelectric properties [9]. By one-dimensional con-
siderations for a plate resonator with finite thickness,
[3, 4] provide a possibility to determine material para-
meters from a resonance frequency shift. In addition,
they derive equations for the determination of non-
linear parameters by changing the operating point.
This paper follows the same approach but for piezo-
electric discs with adapted assumptions and modi-
fied equations. DC bias fields of various strengths are
used to shift the operating point of the samples and
estimate different linear material parameters (figure
1). Finally, these parameters can be used to estimate
the non-linear material parameters.

2 Mathematical description

2.1 Linear approximation for material
properties

Commonly, in the small signal range the relation-
ship between the mechanical quantities, mechanical
stress TTT and strain SSS, and the electrical quantities,
electric field EEE and dielectric displacement DDD, can be
regarded as approximately linear. Therefore the fol-
lowing constitutive equations (in Voigt notation) can
be assumed

SSS = sssEEETTT +dddtEEE,

DDD = dddTTT + εTTT EEE,
(1)
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Linearisation

Operating points

Figure 1: Exemplary hysteresis curve shows the
relation between the polarisation P and the electric
field strength E with a linearisation for the small-
signal behaviour in two operating points.

where ddd, sssEEE and εTTT are the coupling, the elastic
compliance and the permittivity parameter matrices,
respectively [7]. Taking into account the transversal
isotropy and the resulting symmetry conditions, a
total of ten independent material parameters are ne-
cessary, to describe the piezoelectric behaviour. In
summary, three piezoelectric (d15,d31,d33), five elastic
(sEEE

11,s
EEE
12,s

EEE
13,s

EEE
33,s

EEE
44) and two dielectric (εTTT

11,ε
TTT
33) mater-

ial parameters are required. In order to determine all
ten parameters, according to the IEEE Standard [7],
several specimens of different shapes are required.
The use of several specimens, however, entails un-
certainties because the material properties are not
consistent due to different production and polarisa-
tion processes. Since the specimens are piezoelec-
tric discs poled in the thickness direction and with a
much larger radius than thickness, the piezoceramic
can be reduced to a 1D-model which is only sensit-
ive to sEEE

33,ε
TTT
33 and d33. Mathematically this leads to a

reduced set of equations:

S3 = sEEE
33T3 +d33E3,

D3 = d33T3 + εTTT
33E3.

(2)

If a piezoelectric ceramic is exposed to an alternat-
ing electric field, the electrical impedance Z or admit-
tance Y is dependent on the frequency. The following
procedure to determine the desired material paramet-
ers sEEE

33,ε
TTT
33 and d33 is based on the investigation of im-

pedance measurements assuming a free resonator
in thickness mode and of the fundamental analysa-
tion and the harmonics [7]. According to IEEE [7], at
alternating electric fields, the admittance can be de-
scribed as:

Y (ω) =
1

Z(ω)
=
( jωεSSS

33ε0A
h

) 1

1− k2 tan(ω/4 fp)
ω/4 fp

(3)

Here, ω is the angular frequency, ε0 the dielectric con-
stant of vacuum, A the electrode area and h the thick-
ness of the specimen. fp is the parallel resonance fre-
quency of the first thickness mode, also known as the
frequency of the maximum resistance and εSSS is the
permittivity at constant strain (clamped permittivity).
The electromechanical coupling factor k can be de-
termined by

k =

√
π
2

fs

fp
cot

(π
2

fs

fp

)
, (4)

with fs as the series resonance frequency of the first
thickness mode or frequency of the maximum con-
ductance. By measuring the impedance of a piezo-
ceramic it is possible to locate the characteristic fre-
quencies fs and fp as well as to determine the free
capacity C0. In addition, the density ρ is required
which can be determined by measuring the mass and
volume of the sample. Using these the linear para-
meters, sEEE

33,ε
TTT
33 and d33 can be estimated for different

operating points.

2.2 Non-linear approximation for mater-
ial properties

A DC bias approach to a characterisation of non-
linear material parameters of piezoelectric discs de-
mands an extension of the constitutive equations by
second order material parameters [4, 10]. Once again
for a one-dimensional approximation, equations 2 can
be rewritten as

S3 = sEEE
33T3 + sEEE

333T 2
3 +d33E3 +d333E3T3 +ζ33E2

3 ,

D3 = d33T3 +d333T 2
3 + εTTT

33E3 +ζ33E3T3 + εTTT
333E2

3 ,
(5)

where εTTT
333, d333 and ζ33 are the non-linear dielec-

tric, piezoelectric and electrostrictive material para-
meters, respectively. In Voigt notation, the subscript
indices describe the direction of the inducing and res-
ulting state variables. Since several inducing forces
act on one non-linear material parameter, an addi-
tional index is necessary to describe the relation of
the second order state variables (e.g. E3 and T3 act
on d333 resulting in S3). Due to the superposition of a
DC bias field E with a small AC field Ẽ, the mechan-
ical and electrical quantities are

E = Ẽ +E, S = S̃+S,

D = D̃+D, T = T̃ .
(6)

It is noticeable that, because of the assumption of
a mechanically free resonator, the stress T has no
contribution from a static component T . According to
[3, 4], the extended quantities in equation 6 can be
inserted into equation 5 and split into two dynamic
equations
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S̃3 = (sEEE
33 +d333E3)T̃3 +(d33 +ζ33E3)Ẽ3, (7)

D̃3 = (d33 +ζ33E3)T̃3 +(εTTT
33 + εTTT

333E3)Ẽ3, (8)

and two static equations

S3 = d33E3, (9)

D3 = εTTT
33E3, (10)

for a DC field biased resonator. These static equa-
tions describe the mechanical extension and the
dielectric displacement of the material as a result of
an applied electrical DC bias field. However, it is im-
portant that the dynamic equations are now DC bias
dependent and the relationship between the linear
and non-linear parameters can be described as fol-
lows:

seff
33 = (sEEE

33 +d333E3) = sEEE
33

(
1+

d333

sEEE
33

E3

)
, (11a)

deff
33 = (d33 +ζ33E3) = d33

(
1+

ζ33

d33
E3

)
, (11b)

εeff
33 = (εTTT

33 + εTTT
333E3) = εTTT

33

(
1+

εTTT
333

εTTT
33

E3

)
. (11c)

These material parameters, seff
33 , deff

33 and εeff
33 , have

been determined by the linear approximation at dif-
ferent operating points. Therefore, the equations can
be solved for the non-linear parameters.

2.3 The DC bias field dependence of
the resonance frequency

Furthermore, the dependence of the resonance fre-
quency on a DC bias field can be derived [3, 4]. A
longitudinal acoustic wave velocity influenced by an
applied DC bias field can be described as follows:

vt(E3) =

√
1

seff
33 ρ

. (12)

Not only the elastic compliance seff
33 but also the dens-

ity ρ depend on the applied voltage. With the volume
V of the piezoelectric disc expanding in the same dir-
ection as the DC voltage assuming the 1D approxim-
ation, the mass m of the disc remains constant. Thus
ρ can be written as

ρ(E3) =
m

V (E3)
=

m
V0[1+d33E3]

, (13)

with V0 the volume without an applied DC bias field.
According to [7] the wave velocity propagating in
thickness direction of a disc shaped piezoceramic de-
pends on the serial resonance frequency fs. Solving
the equation for fs and using the DC bias field de-
pendent equations 13, 12 and 11 yields

fs(E3) =
vt(E3)

2h
= fs,0

[
1+

(d33

2
− d333

2seff
33

E3

)]
, (14)

where the change of the thickness h = h0(1+ d33E3)
has been included. The index 0 indicates values
without an applied DC bias field. By equation 14 a
direct dependence of the resonance frequency on the
applied electrical field is given. Accordingly, a change
of the frequency with and without applied DC voltage
can be described as follows:

∆ fs

fs,0
=

d33

2
− d333

2seff
33

E3. (15)

The first term describes the shift of the series fre-
quency due to the mechanical deformation of the
piezoceramic disc. The second term describes the
part of the resonance shift caused by the non-linear
behaviour.

3 Measurement system

The measurement setup depicted in figure 2 is used
to determine the frequency dependent impedance of
various piezoelectric specimens under high electric
fields. A DC bias test fixture connects the sample to
a DC voltage source (EA-PSI 9200-04T power sup-
ply) and the impedance analyser (Keysight E4990A).
The design of the fixture is based on a protection cir-
cuit for the impedance analyser recommended by the
manufacturer [11]. It supports an external voltage as
well as a frequency range of 35 kHz to 20MHz. The
DC source provides voltages up to 200V which is suf-
ficient to apply an electric field strength up to 1 kV

mm ,
depending on the thickness of the samples.
All examined piezoceramics are disc-shaped with
full-surface silver electrodes manufactured by Physik
Instrumente (PI) Ceramic GmbH [12]. In total, three
different types of piezoceramics were investigated.
PIC255 is a piezoceramic based on soft PZT with
a radius of r = 8mm and thickness of h = 0.2mm.
PIC181 is a hard PZT piezoelectric ceramic with
equal dimensions. PIC700 is a lead-free piezo-
ceramic material based on bismuth sodium titanate
with coupling factors and permittivities comparable
to piezoceramics based on barium titanate, accord-
ing to the manufacturer [12]. During the investiga-
tions, PIC700 was not available with the same dimen-
sions as the other specimen, therefore the lead-free
ceramic has a thickness of h = 0.5mm and a radius of
r = 5mm.

4 Results

4.1 Measurement results
As described in section 2, impedance spectra of the
specimen measured near the resonance frequencies
fs and fp can be used to determine the linear mater-
ial parameters sEEE

33,ε
TTT
33 and d33. All samples are moun-

ted as shown in figure 2 and the applied electric field
strength is gradually changed from 1 kV

mm to −1 kV
mm
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DC voltage source
Impedance analysator

DC bias fixture

Sample

Figure 2: Schematic of the measurement setup.

and back again. Figure 3 depicts the measured rela-
tion between the magnitude of the impedance |Z| and
the resonance frequency f of the PIC255 at differ-
ent operating points. The black markers indicate the
detected series resonance frequency at different bias
field strengths and visually underline the shift of fs.
Moreover a general trend of the shift to higher fre-
quencies with an electric field applied along the polar-
isation direction is recognizable. And vice versa the
frequencies fs and fp shift to lower frequencies with
negative (against the polarisation direction) electric
field strengths applied. The maximum ∆ fs of PIC255,
measured with an applied electric field strength of
1 kV

mm , is ≈37 kHz. It should be mentioned that for cor-
rect mathematical estimation of the linear material
parameters, fs is detected as the maximum weighted
conductance max(Re{Y (ω)/ω}) and fp as the max-
imum weighted resistance max(Re{ωZ(ω)}) [3, 13].
Figure 4 depicts the relation between |Z| and f for
PIC255 with applied negative electric field strengths.
Using E greater than −800 V

mm , the piezoceramic ma-
terial depolarises. This state remains, even if the
negative field is switched off. Yang et al. observed
a similar material depoling of soft PZT piezoelec-
tric samples EC-65 and EC-76 at field strengths of
−800 V

mm and −500 V
mm , respectively [14]. However,

the piezoelectric ceramic can be re-polarised by ap-
plying a positive electric field strength of 1 kV

mm . This is
evident when considering the material parameters as
a function of the applied DC bias field in subsection
4.3.
In general, PIC181 shows the same frequency shift
behaviour as PIC255 when an electric field is applied,
although the effect is smaller (∆ fs ≈ 27kHz). Moreover
this piezoceramic disc doesn’t depolarise at negative
bias field strengths up to −1 kV

mm . The lead-free piezo-
ceramic PIC700 also appears to be less susceptible
to the applied field. However, it should be noted that
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Figure 3: The relation between the absolute value
of the impedance |Z| and frequency f of PIC255 at
various positive DC bias fields applied. Series reson-
ance frequency is marked by black dots.
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Figure 4: The relation between the absolute value
of the impedance |Z| and frequency f of PIC255 at
various negative DC bias fields applied. Depolarisa-
tion occurring at −1 kV

mm .

due to the geometry (h = 0.5mm) only maximum DC
bias field strengths of ±400 V

mm are applicable. In the
aforementioned field range, a maximum ∆ fs of ≈1 kHz
can be measured for all examined PIC700 ceramics
and is comparable to the magnitude of the shift of
PIC181 at ±400 V

mm , but thinner samples are neces-
sary for a reliable statement. The general shift shows
an opposite trend in the aforementioned field strength
range, thus fs and fp shift to lower frequencies at
greater DC bias fields and vice versa.

4.2 Frequency shift by deformation
At this point it is important to verify that the frequency
shift is caused by the non-linear behaviour and not
the material deformation. For this purpose, equation
15 can be used to determine a ∆ fs,mech which is solely
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dependent on mechanical deformation.

∆ fs,mech = fs,0
d33

2
E3 (16)

The calculated value should be lower than the meas-
ured value ∆ fs(E3). For PIC255 the ∆ fs,mech = 12.1kHz
and for PIC181 ∆ fs,mech = 8.7kHz. Both values are
below the aforementioned frequency shift, so it can
be claimed that the present effect is caused primarily
by the DC bias field and non-linear behaviour of the
piezoceramics.

4.3 Linear parameter estimation
So far, only the influence of the applied DC bias
field on the absolute value of the impedance has
been analysed and compared. The change of the
elastic compliance as a function of the applied DC
bias field of PIC255 and PIC181 is depicted in figure
5. Both piezoelectric samples were exposed to the
same electrical stress cycle. As expected, the piezo-
ceramic PIC181 seems to be less influenced by a bias
field, because the changes in the elastic compliance
are small compared to PIC255. Nevertheless the shift
of material parameter of both piezoceramics shows a
trend in the same direction. As the DC bias field de-
creases, the elastic compliance of both piezoceram-
ics increases.

−1000 −500 0 500 1000

12

14

16

Electric field E / V
mm

E
la

st
ic

co
m

pl
ia

nc
e

sEE E 33
/1

0−
1
2

m
2

N , PIC255
, PIC181

Figure 5: Elastic compliance sEEE
33 of PIC255 and

PIC181 at different operating points.

A similar behaviour for d33 and εTTT
33 is shown in figure 6

and 7, respectively. While the piezoelectric parameter
and the permittivity of PIC255 change significantly,
they remain relatively constant in PIC181. It is not sur-
prising that the trend of both aforementioned material
parameters is proportional because the permittivity is
necessary to estimate the piezoelectric constant [7].
Another effect which occurs with all material paramet-
ers of the PIC255 is a discontinuity of the parameters
at high negative field strengths. Due to depolarisation
of PIC255, the characteristic resonance frequencies
are only poorly indicated and a reliable determination
of d33, sEEE

33 and εTTT
33, which is based on the detection of

fs and fp, is impossible. Moreover the observed sig-
nificant decrease of d33 and εTTT

33 at E = −1 kV
mm remain

low until a positive field strength of more than 500 kV
mm

is applied to the soft PZT sample.
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Figure 6: Piezoelectric coefficient d33 of PIC255 and
PIC181 at different operating points.
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Figure 7: Permittivity εTTT
33 of PIC255 and PIC181 at

different operating points.

Although the frequency shift direction of PIC700 is
opposite to the other PZT based piezoceramics, the
material parameters show the same characteristics
in the considered field strength range. The relation
between the compliance sEEE

33 and the applied DC bias
field of three different PIC700 samples is shown in
figure 8. The parameter change is comparably small
to that of PIC181. Moreover if the DC bias field de-
creases, sEEE

33 increases. This behaviour is also ob-
served for the piezoelectric material parameter and
the permittivity.
The application of a DC bias field in the direction
of polarisation reinforces the remenant polarisation,
which leads to a decrease in elastic compliance and
the piezoelectric coefficient. According to [3] this can
be explained considering the PPP-EEE hysteresis (figure
1). When a DC bias field is superimposed with an
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Figure 8: Elastic compliance sEEE
33 of three PIC700

samples at different operating points.

AC alternating field and applied to a piezoceramic
disc, εeff

33 describes the slope of the PPP-EEE field curve
(dPPP/dEEE) at a variable operating point. As the DC bias
field strength increases, the slope decreases, caus-
ing εeff

33 to decrease as well. Since the piezoelectric
parameter ddd is approximately proportional to εεεTTT , the
DC bias field causes εεεTTT to decrease.

4.4 Non-linear parameter estimation
By using equations 5 the non-linear parameters can
be estimated. Considering the maximum applicable
electrical field strength of 1 kV

mm the following values
result for the piezoelectric, electrostrictive and dielec-
tric parameter of PIC255:

d333 =−7.2 ·10−20m3/VN

ζ33 =−17.7 ·10−19m2/V2

εTTT
333 =−206.2 ·10−17F/V

The following parameters can be estimated for
PIC181:

d333 =−6.1 ·10−20m3/VN

ζ33 =−19.6 ·10−19m2/V2

εTTT
333 =−51 ·10−17F/V

Because of the different thickness of the lead-free
piezoceramic specimen a direct comparison is not
possible. Moreover the observed parameter changes
in the DC bias range from −400 V

mm to 400 V
mm are too

small for a reliable assumption. The measured fre-
quency shift of all piezoceramic discs is comparable
with similar experiments [3, 8, 9, 14].

5 Conclusions

Impedance measurements of three different piezo-
ceramic materials with various DC bias field strengths

applied were performed. A series and parallel res-
onance frequency shift is recognisably caused by
the applied field strength. A frequency shift trend to
higher frequencies with an electric field applied along
the polarisation direction is detected. The general
trend of the frequency shift of the lead-free piezo-
ceramic disc is opposite to the shift of the leaded
specimens. Nevertheless the parameter change of
PIC700 is comparable to that of the hard PZT piezo-
ceramic PIC181. The investigations of the material
parameters shows an almost linear dependence of
the parameters and the applied DC bias field, com-
parable with other publications in this field [3, 4, 8,
9, 14]. The linear elastic parameter sEEE

33, the permit-
tivity εTTT

33 and the piezoelectric constant d33 decrease
proportionally with increasing electric field strength
E. Furthermore, depolarization effects are observed
at the soft PZT PIC255 by applying a DC bias field
of greater than −800 V

mm . A 1D-approximation is de-
scribed to determine non-linear parameters of piezo-
electric discs. Second-order constitutive equations
provide results for the non-linear piezoelectric coeffi-
cient d333, the permittivity εTTT

333 and the electrostrictive
coefficient ζ33, comparable to [3].
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