DOI 10.5162/SMSI2020/P4.7

Expanded Uncertainty Evaluation Taking into Account the
Correlation Between Estimates of Input Quantities

Igor Zakharov"?

, Pavel Nevezhmakov Olesia Botsiura®

Nat/ona/ Scientific Centre “Institute of Metrology”, 42, Myronosytska str., 61002, Kharkiv, Ukraine
? Kharkiv National University of Radioelectronics, 14, Nauky ave., 61166, Kharkiv, Ukraine
E-mail (1.P. Zakharov): newzip@ukr.net

Summary:

Cases of occurrence of correlation between estimates of input quantities are considered. An expres-
sion for the effective number of degrees of freedom and kurtosis of a measurand, taking into account
the correlation between the estimates of the input quantities, is derived.
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Introduction

When evaluating the measurement uncertainty,
one has to deal with situations where estimates
of input quantities are pairwise correlated. Cor-
relation occurs in the following cases:

1) while observing both input quantities X; and
Xk entering the model

Y =f(X;, X, Xy) (1)

in one measurement experiment (observed
correlation);

2) if there is a dependence of both input quanti-
ties X; and X, on the same variable Q, which
appears when using the same measuring in-
struments, initial values or measurement me-
thods (assumed or logical correlation):

X, =y, (0); X, =, (0).

A measure of the correlation dependence is the
correlation coefficient r;,, which for these two
situations must be determined, respectively, by
statistical (type A) and non-statistical (type B)
methods [1].

When calculating the standard uncertainty u(y)
of the measurand Y, the correlation between
the estimates is taken into account using the
well-known formula [2]:

N
= \/Z ciu’+2r,ccuy, (2
j=1

where ¢, j=1,2,...,
cient.

N is the j-th sensitivity coeffi-

Difficulties in accounting for correlation arise
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when evaluating expanded uncertainty U. The
latter for linearized models is defined as the
product of the standard uncertainty u(y) by the
coverage factor k:

U=ku,(y)- (3)

The coverage factor k is determined in different
ways with different approaches to estimating
measurement uncertainty.

GUM approach

In GUM [2], the Student’s coefficient t,(vesr) for
the given confidence level p and the effective
number of degrees of freedom v, is taken as
the coverage coefficient k for repeated mea-
surements.

The v is obtained by the Welch—Satterthwaite
formula [2]:
u'(y) . (4)

Veff TN A4 4
]

Ncu
)y

=Y

where v; is the number of degrees of freedom of
the j-th input quantity.

Expression (4) does not give a correct estimate
of the number of degrees of freedom in the
presence of a correlation between the input
quantities.

Indeed, for a function of two correlated input
quantities Y=f(X4,X3) with an equal number of
degrees of freedom v4=v,=v and in the absence
of uncertainties of type B, the effective number
of degrees of freedom will be equal to
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2.2 2,.2\2
(cjui+2r,,Cc.CoUU,+C5U5)
v 11 1,2¥1¥Y 212 2¥2 (5)

VvV =
eff 4. 4 4. 4
c,u;+cC,u,

and when changing —7< r; , <7 will vary in the
range from 0 to 8v. On the other hand, to calcu-
late the total standard uncertainty of the pres-
ence of correlation, the reduction method can
be used [3]. It provides for bringing indirect
measurements to direct ones by calculating the
values of the measured value for each pair of
correlated input quantities:

Y, = (X, Xy), i=1,2..,n.  (6)

In this case, the measured value will be the
arithmetic mean of the measured values ob-
tained:

1
y—ﬁgyi, (7)

and the standard uncertainty of type A of the
measured quantity is found as:

1 & >
Ua(y)= \/m 2 (Yi-y) (8)

and has the number of degrees of freedom
v=n-1, which should be equal to the number of
degrees of freedom vgs determined by the
Welch—Satterthwaite formula (5).

This situation can be changed when taking into
account that the correlated input quantities
must be described by the joint PDF [4], which
contributes u;(y) to the standard uncertainty of
the measurand with the number of degrees of
freedom v=n-1.

In this case, the expression for the combined
standard uncertainty (2) can be rewritten as
follows:

N
u(y)= | D ciu-ui(y), 9)
j=1
Jzk=l

from which

u, (y)= \/c ‘uf +2r,c.c uu, +Ccpuy (10)

In this case, the Welch—Satterthwaite formula in
the presence of correlated input quantities will
have the form:

u*(y) (11)
ﬁ“ cju; + U
j=7 V/ n '1
J#k#l

Veff =

’

So, for a function of two correlated input quanti-
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ties Y=f(X3,X5) with an equal number of degrees
of freedom vi=v,=v, the effective number of
degrees of freedom will be equal to v, which
coincides with the number of degrees of free-
dom for expression (8).

Bayesian approach. Kurtosis method
Expanded uncertainty:

U =k(n)-u(y), (12)

where the coverage factor k(n) depends on the
kurtosis n of the measurand, determined by the
formula:

N 4, 4
Z;CJUJ N
n=-"——

u(y)

where n); is kurtosis of the j-th input quantity.

This expression also does not work in the case
of correlated input quantities, however, it can be
transformed for this case by analogy with ex-
pression (11):

: (13)

N
ZC?U? n; + nl,kufk(y)
=1

ke

. (14)
4

u™(y)
The coverage factor for a confidence level of
0.95 is calculated by the formula [5]:

0.1085n +0.1n+1.96, whenn < 0;

k= [3+ (15)
Los6rm+a)° ﬁ, whenn >0.

Examples of evaluation the expanded uncer-
tainty of various measurements are considered,
taking into account the correlation between
estimates of input quantities.
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